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1 Introduction

In this paper we prove the existence of a generalized eigenvalue and a cor-
responding eigenfunction for fully nonlinear operators singular or degenerate,
homogeneous of degree 1 + o, @ > —1 in non bounded domains of RY. The
main tool will be the Harnack’s inequality. The key hypothesis on the operator,
homogeneity (H1) and ellipticity (H2) are given later.

Very recently Davila, Felmer and Quaas [14, 15] proved Harnack’s inequality
in all dimensions N but in the singular case i.e. a < 0. Here, in the two
dimensional case, we prove Harnack’s inequality for any o > —1. The proof
uses in an essential way this dimensional restriction. It follows the lines of the
original proof of Serrin [25] in the linear case. For Harnack’s inequalities in
quasi-linear cases see [26] and [27]. Very recently C. Imbert [17] has proved
an Harnack’s inequality for fully nonlinear degenerate elliptic operators; let us
mention that the class of operators he considers does not include those treated
in this paper (see also [16] for degenerate elliptic equations in divergence form).

It is well known that Harnack’s inequality allows to control the oscillations
of the solutions and hence to prove uniform Holder’s estimates. It has been gen-
eralized to many 'weak’ and nonlinear context, we are in particular thinking of
those due to Krylov and Safonov for ”strong solutions” [21], or the result of Caf-
farelli, Cabré [12] for fully nonlinear equations that are uniformly elliptic. Let
us mention that in previous works on singular or degenerate fully nonlinear op-
erators [4, 5] we proved Holder’s regularity of the solutions of Dirichlet problems
in bounded domains. There the proof relied on the regularity of the solution on
the boundary and the supremum of the solution. Hence in unbounded domains
that tool cannot be used.



In the case treated here of fully nonlinear operators homogenous of degree
1 + «, the Harnack inequality, due to Davila, Felmer and Quaas [14], is the
following

Suppose that F' does not depend on x and satisfies

(H1) and (H2) as defined later and that —1 < o < 0. Suppose that b, ¢ and
f are continuous and that u is a nonnegative solution of

F(Vu, D*u) + b(z) - Vu|Vul® + cu't* = f

in Q. Then for all ' CC ) there exists some constant C' which depends on a,
A, a, b, e, N, Q, Q, such that

1
Sg/pU < C(ig/fu + ||f||£}"(g,)).

Among all the consequences of Harnack’s inequality, Berestycki, Nirenberg
and Varadhan in their acclaimed paper [1] proved the existence of an eigenfunc-
tion for a linear, uniformly elliptic operator when no regularity of the boundary
of the domain is known. The idea being that, close to the boundary, the solu-
tions are controlled by the maximum principle in ”small” domains, and, in the
interior, one can use Harnack’s inequality.

As it is well known, inspired by [1], the concept of eigenvalue in the case of
bounded regular domains has lately been extended to fully nonlinear operators
(see [7], [24], [4, 5], [18]). Two "principal eigenvalues” can be defined as the
extremum of the values for which the maximum principle or respectively the
minimum principle holds.

In this article we want to use the Harnack’s inequality obtained here and
in [14, 15] to study the eigenvalue problem in unbounded domains. Let us
recall that in general, even for the Laplacian operator, the maximum principle
does not hold in unbounded domain, hence we cannot define the ”principal”
eigenvalue in the same way as in the case of bounded domains. In [10] and
[11] Capuzzo Dolcetta, Leoni and Vitolo study the conditions on the domain
Q) in order for the Maximum principle to hold for fully nonlinear operators,
extending the result of Cabré [9)].

Furthermore let us mention that in unbounded domains there are several
definitions that allow to construct different ”eigenvalues” as the reader can see
in Berestycki and Rossi [2] even for the Laplacian case. Here we define the first
eigenvalue as the infimum of the first eigenvalues for bounded smooth domains



included in €2. We prove the existence of a positive eigenfunction for this so
called eigenvalue, using Harnack’s inequality.

We shall also prove the existence of solutions for equations below the eigen-
values. Observe that differently from the case of bounded domain, we can’t use
the maximum principle since in general it won’t hold, hence again the Harnack’s
inequality will play a key role.

2 Assumptions on F

The following hypothesis will be considered, for a > —1:

(H1) F is continuous on Q x RY \ {0} x S — R, and Vt € R*, u > 0,
F(x,tp, uX) = [t|*uF(x,p, X).

(H2) For p e RM\{0}, M e S, NeS, N>0
a|lp|*tr(N) < F(z,p, M + N) — F(x,p, M) < A|p|*tr(N). (2.1)

(H3) There exists a continuous function w with w(0) = 0, such that if (X,Y") €
S? and ¢ € R* satisfy

<(or)=(hv)=e(h )

and [ is the identity matrix in IRY, then for all (z,y) € R, z # vy

F(z,((x—y),X) = F(y,((z —y),-Y) S w(Clz—y[*).

Observe that when F' is independent of z, condition (H3) is automatically
satisfied.

Remark 2.1 When no ambiguity arises we shall sometimes write F[u] to sig-
nify F(x, Vu, D*u).

Recall that examples of operators satisfying these conditions include the
p-Laplacian with a = p — 2 and

F(Vu, D*u) = |Vu|*M__4(D*u)
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where M, is the Pucci operator M7 ,(M) = ATr(M™*) — aTr(M~) and
Mg A(M) = aTe(M*) — ATe(M7).
For another example let @ < 0, B be some matrix with Lipschitz coefficients,
and invertible for all z € . Let us consider A(x) = B*B(z) and the operator
F(x,p, M) = |p|*(tr(A(z)(M)), Then F satisfies (H1),.., (H3) arguing as in
3], example 2.4.

We assume that h and V are some continuous bounded functions on £ and
(H4) - Either o < 0 and h is Holder continuous of exponent 1 + a,
-or o > 0 and

(h(z) = h(y)) - (x —y) <0

The solutions that we consider will be taken in the sense of viscosity, see
e.g. [3] for precise definitions, let us recall that in particular we do not test
when the gradient of the test function is null .

3 Main results

3.1 The Harnack’s inequality in the two dimensional case.

In this subsection we state the Harnack’s inequalities that will be proved in
section 5 and used in section 4, together with some important corollary.

Theorem 3.1 (Harnack’s inequality) Suppose that 2 is a bounded domain
in R?, and that F satisfies (H1) to (H3), h satisfies (H{).
Let u be a positive solution of

F(x,Vu, D*u) + h(x).Vu|Vu|* + V(z)u'T* =0 in Q. (3.1)
Let Q' CcC Q. Then there exists K = K(,Q, A, a, ||, |V]x) such that

supu < K inf u. (3.2)
Q/ Ql

Theorem 3.2 (Harnack’s inequality) Under the same hypothesis of Theo-
rem 3.1, for f a bounded continuous function on €2, let u be a positive solution
of

F(x,Vu, D*u) + h(x).Vu|Vu|* + V(2)u' ™™ = f(z) in Q. (3.3)
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with V' continuous, bounded and V < 0. Let ¥ CcC Q. Then there exists
K =K(Q,, A, a,|h|oo, |V]s) such that

1
3 1+a
sg/pu <K (1§rzllfu + |f|LOO(Q)) : (3.4)

Corollary 3.3 Let u be a solution of (3.3). Let R, be such that B(0, R,) C €.
Then there exists K which depend only on A, a, |h|s and R,, such that for any
R < R,:

24« _1
sup v < K( inf u+ Ri+e|f|/12 ‘ 3.5
B(0,R) (B(o,R) fl<is0.8.) (3.5)

As a consequence, for any solution u of (3.3), for any QO CC 2 there exists
B € (0,1) depending on the Harnack’s constant in (3.5) such that u € C*P().

An immediate consequence of Harnack’s inequality is the following Liouville
type result :

Corollary 3.4 (Liouville) Let u be a solution of F(x,Vu, D*u) = 0 in IR?,
if u 1s bounded from below, then u = cte.

See [13] for other Liouville results.

3.2 Existence’s results in unbounded domains.

Before stating the results in unbounded domains we recall what we mean by
first eigenvalue and the property of these eigenvalues in the bounded case.
When (2 is a bounded domain we define

Q) =sup{\, 3¢ > 01in Q, Flo] + h(z) - V|Vl + (V(z) + V't < 0}
and
A(Q2) = sup{A, T o < 0in Q, Flp] + h(z) - Vo|Vp|* + (V(z) + A)p|e|* > 0}.

We proved in [3] that there exists ¢ > 0 and ¢ < 0 in © which are respectively
a solution of

{ F(z,Vo(x), D*¢(x)) + h(z) - Vo[ Vol* + (V(z) + A(Q)p'™* =0 in Q
=0 on 02



and

{ F(z, Vip(z), D*¥(x)) + h(z) - VY[VY[* + (V(z) + AQ))[Y[*¢ =0  in Q
=0 on 0f.

Moreover ¢ and 1) are Holder continuous.
When ©Q C IRY is not assumed to be bounded and C2, we define

A(Q) = inf{\(A), for all smooth bounded domain A, A C Q},

and
A(Q) = inf{\(A), for all smooth bounded domain A, A C Q}.

When no ambiguity arises we shall omit to write the dependence of the
eigenvalues with respect to the set ().

We start by giving some lower bounds on the eigenvalues. For simplicity
this will be done for h = 0, V = 0. If € is bounded it is easy to see that
A(2) > 0, while it is obvious that for Q = RN, A(2) = 0. We wish to prove
that this is not the case for all unbounded domains, in fact we shall see that,
as long as (2 is bounded in one direction, then A(£2) > 0.

Proposition 3.5 Suppose that € is contained in a strip of width M i.e. up to
translation and rotation
QcC[0,M] x RN~

then there ezists C = C'(a, a, A) > 0 such that

Q)2 o (3.6)

Proof: Fix v € (0,1) and observe that u(x) = sin”(z1 37 + §) > 0 in Q and

a+2 o
Fil £ 1 () s (3

4M AM 8 4M 8
s s
— 1 —ysin?(z;— + =)].
ay = 1=y sind(ay 7+ )]
Hence, using
3 m T

- > N — > —
s <M Ts Ty

we get that there exists C' = C(7, a, a)



Flu] + u*t <0.

M2+
Clearly this implies that A(A) > %= for any A C Q. This gives (3.6) and it
ends the proof.

In the next theorem we want to be in the same hypothesis for which Har-
nack’s inequality holds, hence we consider the following condition:
(C) F satisfies (H1), (H2); if N > 3 F is independent of x and —1 < a < 0; if
N =2, a> —1, F may depend on x and it satisfies (H3) .

Theorem 3.6 Suppose that € is some smooth domain possibly non bounded,
of RN. Suppose that F satisfies (C), that h satisfies (H{), and that V is
continuous, and bounded. Then there exist some functions ¢ > 0 and ¢ < 0
which are continuous and satisfy, respectively

Flg] + h(z) - VO[Ve|™ + (NQ) + V()" = 0 in Q,
Fly] 4 h(x) - V[V[* + (A) + V(2)) || = 0 in Q.
Furthermore ¢ and v are Holder continuous.
In the next proposition we treat existence of solutions below the eigenvalues.

Proposition 3.7 For any A < X(Q), for any f € C.(Q) non positive, there
exists v > 0 solution of

Flv] + h(x) - Vo|Vo|* + (A + V(2))v'™ = f in Q.

Furthermore, for f # 0 there exists C', which depends on the support of f,
such that

vl < C Sl
Similarly if X < A(Q), for any f € C.(2) > 0, there exists v < 0 solution of

Flv] + h(z) - Vu[Vu|* + (A + V(x))|v[* = f in Q.
Remark 3.8 As mentioned in the introduction, in [4] we proved some Hélder’s
reqularity result for all B € [0, 1] in bounded reqular domains, see Proposition

4.3, but for homogeneous or reqular boundary conditions. More precisely the
Holder’s constants depend on the L™ norm of u and u is zero on the boundary.
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From this we derive some Holder’s uniform estimates for sequences of solutions
and this implies that a subsequence of such solutions converges for a subsequence
towards a solution. This cannot be used in the proof of the results above, indeed
we shall need compactness results inside bounded sets €, whose size increases,
for sequence of functions which have uniform L bounds on bounded fixed sets,
but for which the L*>(S),) norm may go to infinity.

4 Known results.

We now recall the following weak comparison principle which will be used for
the proof of Theorem 3.2.

Theorem 4.1 Suppose that F', h and V are as above and that V < 0.
Suppose that f and g are continuous and bounded and that uw and v satisfy

F(x,Vu, D*u) + h(z) - Vu|Vul* + V(2)|u|*us > g in
F(z,Vv, D*v) + h(x) - Vu|[Vo|* + V(z)v|*v < f in Q

u < on Of).

Suppose that f < g, then u < v in Q. Moreover if V < 0 and f < g the result
still holds.

We shall also need for the proof of Theorem 3.1 another comparison principle :

Theorem 4.2 Suppose that 7 < X(Q), f <0, f is upper semi-continuous and
g 1s lower semi-continuous with f < g.
Suppose that there exist u continuous and v > 0 and continuous, satisfying

F(x,Vu, D*u) + h(z) - Vu|Vu|* + (V(z) + 7)|u|*v > g in
F(x, Vv, D*v) + h(z) - Vo|Vo|* + (V(z) + 7)ot < f in Q
u<wv on Of.

Then v < v z'n_Q in each of these two cases:

1) If v > 0 on Q and either f <0 in Q, or g(Z) > 0 on every point T such that
fz)=0. - -~

2)Ifv>0inQ, f<0inQ and f < g on .

The proof can be found in [3]. We also recall some regularity results
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Proposition 4.3 Suppose that F satisfies (H1),(H2), (H3). Let f be some
continuous function in 2. Let u be a viscosity non-negative bounded solution of

(4.1)

F(x,Vu, D*u) + h(z) - Vu|Vul[*= f  inQ
u=20 on 0f).

Then, if h is continuous and bounded, for any v < 1 there exists some constant
C' which depends only on | f|eo, |hleo and |u|s such that :

u(z) —u(y)] < Clz —y|
for any (z,y) € Q.

Under slightly stronger condition on F' we also prove the Lipschitz regularity
of the solutions.

5 Proofs of the Main results

5.1 Proof of existence

We start by proving the existence results:

Proof of Theorem 3.6. We shall only explicitly write the proof of the exis-
tence of ¢ > 0, the case of ¢ < 0 being analogous. Let {2, be a sequence of
bounded subsets such that

Q, CC Q1 CC Q. M) — AQ) and U, Q, =Q.

Let f, be a sequence of functions in Ce(2n\ Qn_1), fn < 0 and not identically
zero. Since \(€2,) > A(R2), for all n there exists u,, > 0 which solves

Flu,] + h(2) - V| Vu,|* + (MQ) + V(2))utt* = f,  inQ,
Uy, =0 on 0€2,,.

Let z9 € Qy, then u,(z9) > 0 for all n by the strict maximum principle. Define

un(20)
that we extend by zero outside €2,,, obtaining in such a way a continuous func-
tion. Let O', O be bounded regular subdomains, O CcC O’. We prove that

vp(z) =



(vn)n converges uniformly on K’ = O . Indeed there exists Ny such that Q,
contains K’ for all n > Ny. As a consequence on O , for n > N

Flvn] + h(z) - V|V, |* + (AQ) + V(2))vit* =0 in O

Moreover v,(zg) = 1. Using Harnack’s inequality of Theorem 3.1 we know that
there exists some constant Cx such that

sup v, < Cg/(infv,) < Ckr.

This implies in particular that v,, is bounded independently of n in K’.

By taking f, = —V(z)vl™® in Corollary 3.3 on the open set O', one gets
that (vy,), is relatively compact in O. A subsequence of (v,,), will converge to
a solution ¢ of

Flg] + h(z) - VO|Ve|* + (NQ) + V(2))pH* =0 in O.

¢(xg) = limv,(xg) = 1 implies that ¢ cannot be identically zero. By strict
maximum principle on compacts sets of 2, ¢ > 0 inside 2. Since O can be
taken arbitrarily large this ends the proof.

Proof of Proposition 3.7. We consider only the case f < 0 and A < A(Q).
We first treat the case f # 0. Let K be the compact support of f < 0. As in
the previous proof let €2,, be a sequence of bounded sets such that

Q, C Qpyq and U, Q, = .

Let u,, be a (positive ) solution of

Flu,| + h(z) - Vug|Vu,|* + (V(z) + Nulte = f in Q,
U, =0 on 0f),,.

Let ¢ be given in Theorem 3.6 such that
Flp*] + h(z) - Ve [V " + (A(Q) + V()" = 0

with L* norm 1 in K.
Rescaling ¢,
_1
@™ sup | f]TH

o1 =— ,
L - NS infg ot
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by homogeneity is a solution of

z)- o N — (=X (p*) ' sup(—f)
Flo +h(a) - Vol Vol + O Vie)el ™™ = (=R e P <

We can apply the comparison principle Theorem 4.2 in €Q,, since ¢; > 0 on
0%, to derive that

0<u, <p;

for any n. Using the same argument as in the proof of Theorem 3.6, on every
compact subset of €2 there is a subsequence of (u,,), converging to u, a solution
of
Flu] + h(z) - Vu|Vu|* + (V(z) + Mu'T™ = f in Q.

By the strict maximum principle applied on bounded sets of 2 we get that
u > 0.

We now prove the case f = 0. Without loss of generality we only treat the
case A < A(f2).

Let €2, be a sequence of bounded sets such that

Q, C Qpyq and U, Q, = .
Let u,, be a solution of

Fluy) + h(x) - Vu,|Vu,|* + (V(z) + Nugplu,|* =0 in Q,
Uy =1 on 0%,,.

Since A < inf{\(,)}, u, exists, is well defined and u, > 0 in Q,. Let
Ty € €y .
Rescaling u,, we get that v, =

Un
un (o)

Flu,] + h(x) - V|V, + (V(2) + A)opt* = 0.
By Harnack’s inequality, for every relatively compact domain O, (v, ), is bounded
on K =0 .
Using the compactness results on O there exists a subsequence v, which
converges uniformly to some v solution of

Fv] + h(x) - Vo|Vo|* + (V(2) + A)o'T* = 0.

Moreover, since v,(z9) = 1, and the convergence is uniform one gets that
v(zg) = 1, hence v is not identically zero and by the strict maximum principle
v >0in Q.

is a solution of
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5.2 Proofs of Harnack’s inequality in the two dimen-
sional case.

The proofs that we propose follow the lines in Gilbarg Trudinger [19] and Serrin
[25], with some new arguments that make explicite use of the eigenfunction in
bounded domains. This extends the result of [14] to the case a > 0, but only
in the two dimensional case.

In the proof of Theorems 3.1 and 3.2 we shall use the following lemma

Lemma 5.1 Suppose that F, h and V are as above. Let b and c, be some
positive parameters, x, = (To1, To2) € IR?. Let

T1—To1)?  (Tg — Tp2)? b
E:{[L‘:([L‘l,l’g), 0'2(5(]) :2( ! b2 1) —}—( 2 cz 2) S]_, $1—J}01>§}.

Then there exists a constant v > 0 such that

=17 @) _ o

v(x) =

@_"//4 — e !

satisfies in K
F(x, Vv, D*v) — |h]oo| VU['T® — [V |ov' T > 0. (5.1)

(Note that v is strictly positive inside E and is zero on the elliptic part of the
boundary).

Remark 5.2 The same result holds for the symmetric part of ellipsis : E =
{z = (21,22), 0*(2) <1, 11 — 201 < F}.

Proof of Lemma 5.1.
Without loss of generality one can assume that x, = 0.

o2
Let v = % and let B be the diagonal 2 x 2 matrix such that B;; = b%
and By = %. Then Vv = —2y0Bx and

D?*v = (27)(2yBr ® Bx — B)%.

Since B and Bx ® Bx are both nonnegative,

a(tr(D*v)*) — A(tr(D*v)”™) > (av%(% + %) —2(A+ a)v(b—l2 + 0—12)> 0.
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We define

: —a o« 1 1 «a @ 1 1| 1ta
m:mf(b ,2 (ﬁ+§) /2> and M = 21+ (b_2+§) 5
We choose
4A+a B2 4lh| M2 [4]V]| 02\ T
v:sup<¥<1+—2>, il ,(' | ) RNESY
a c ma am
Using (H1):

F(x, Vv, D*v) + h(z) - Vo|Vu|* + V (z)o'* >
> |Vo|*(a(tr(D*v)) — A(tr(D*v) 7)) — |hle| VO — |V |sov! T > 0.

This ends the proof of Lemma 5.1.

Remark 5.3 The proof in the case f # 0 follows the lines of the case f =0
but the ellipsis are rescaled. Hence we shall use, for p, to be defined, a(%)
instead of o. It will be important to observe that v does not depend on bounded

Po- This is immediate from the definition of v in (5.2) and the constants m,
M, b and c involved.

Proof of Theorem 3.1:

Let us remark that the existence of a positive solution u implies in particular
that A(€2) > 0. Moreover without loss of generality we can suppose that A\(Q) >
0. Indeed, by the properties of the eigenvalue there exists 2; C €2 such that
Q' cc Q; and A\(Q;) > A(Q) > 0. Then we consider the proof in §; instead of
Q.

We shall prove the following claims :

Claim 1: Suppose that Q = B(0,1). For any P € B(0, %) there exists K which
depends only on a, A, and bounds on h and V' such that

u(P) > Ku(0).
Claim 2: For any P € B (0), there exist K; and K5 such that
Kyu(0) < u(P) < Kyu(0).
Claim 3: Suppose that Q@ = B(0, R). For any P € B(0, £) such that
Kyu(0) < u(P) < Kyu(0),
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where K7 and K5 depend on R only when h and V' are not identically 0.
Claim 4: The inequality holds true for Q2 bounded and Q' CC (2.

Proof of Claim 1 :

So we are in the case Q = B(0,1) with A(B(0,1)) > 0. Hence there exists
§ > 0 sufficiently small such that A(B(0,1+6)) > 0 as well.

Let us be the corresponding positive eigenfunction such that us has the L>
norm equals to %, i.e. ug satisfies

{ Flus]) + h(z) - Vus|Vus|* + (V(z) + X(B(0,1 +6))) us7™ =0 in B(0,1+ )
us=0on 0B(0,1+9).

Let x = u(0)us.

Let Gy = {z € B(0,1),u(x) > x(x)}. The connected component of G,
denoted G, which contains 0, contains at least one point on dB(0,1). Indeed,
if not, G would be included in B(0, 1), hence by the comparison principle in G
since u(z) = x on G and and since 0 < A(B(0,1+d)), x is a supersolution of
Flx]+h(z).VXx|Vx|*+(V(z))x'T® < 0, then applying the comparison Theorem
4.2 in the set G, one would get u(z) < x in G, a contradiction. Without loss
of generality we will suppose that the boundary point has coordinates (0, 1).

We now introduce the part of ellipsis F; ¢ = 1,2, 3 given by:

(71 +3)° V3

El = {($1,$2), 9 +4($2 — T)2 S 1’ T Z _1}
512
-3 3
E2 = {($17x2)5 % +4(x2 — \/T—)Q S 1, 1 S 1}

Observe that the segment [—1/2,1/2] x {\/Tg} is contained in F; N Ey. while
(0,0) Q EiNE; C B(O, 1)

The third part of ellipse E3 has its straight part in £} N Ey and vertex at
(0,—1):

V3

2
Tog—1—%2
Ey = {(z1,32), 427 + (ﬁ) < 1,29 < V/3/4}.
2
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E3

E2

Let v; be given by Lemma 5.1, such that 0 < v; < 1, v; = 0 on the elliptic
boundary of E; and v; satisfies Flv;] + h(x) - Vi | Vo] + V(z)vdth > 0.

There exists ' some simple and regular curve which is included in G and
links (0,0) to (0,1).

Let E = E; U Ey. We denote by 0E™ and 0E~ the superior and inferior
boundary of E. Necessarily I" cuts 0E+ and OE~. Suppose that ¢ parametrizes
[ with ¢ in C?, ¢(0) = (0,0) and ¢(1) = (0,1). Let t~ = sup{t, p(t) € OE~}
and tt = inf{t, p(t) € ET}, and let p~ = p(t7), p™ = p(t7). The portion of
curve (p—,p") in I' is such that for all ¢ €]t—, ¢, ¢(t) is in the interior of E.
Using the orientation of the portion of curve between p~ and p™ one gets that
this portion of curve separates E in two parts, the left E; and the right E,.

Let z € E1 N Ey; if z € E;, we choose D = Fy N Ej, otherwise z € E, and
D = E;NE,. In the first case D has a boundary made of parts of 0F5 and the
arc p{,FL N Es. Iit\he second one the boundary of D has a boundary made of
parts of 4 and p—,pt N Ej.

For example if we denote by x := i(nf : us > 0, in the second case we have
B(0,1

obtained:
u — ku(0)vy > ku(0)(1 —wvy) >0on I'NE;

u— rku(0)vy =u > 0 on 0E,

and analogous inequalities in the first case.
Using the comparison principle in Theorem 4.2, we have obtained that

u(P) > ku(0) min{v, (P),vy(P)} forall P e E; N Es.

Now we will use this to prove a similar inequality in Ej.

15



One has :

u > inf min(vy (P), ve(P))vsku(0).
{P€OE3,x2=/3/4}

Indeed, this inequality holds on JFj3, because on the elliptic part of E3, v3 =0
and the straight part is included in E; N E,, where the inequality holds. Now
by the comparison principle (Theorem 4.2) the inequality holds true in Ej.
We apply this in the ball B(0,1/3) which is strictly included in the interior
of Ej3; defining
M = ity Ve

we have obtained that

ku(0) inf (min(vy(P), va(P)))ms
{P€dE3,50=/3/4}

u(0)r inf (min(vy (P), va(P)))ms.
{P€OE;,22=3/4}

u

v

v

Proof of Claim 2. Fix any point P in Bi(O). Then

Bs(P) C B1(0), and 0 € Bi(ﬁ)'

3
1

Hence by Claim 1 we have that

u(P) < Ku(0)

but always by Claim 1, u(0) < Ku(P). This ends the proof of Claim 2, by
choosing K7 = # and K = K.

Proof of Claim 3. Now = B(0, R) and u is a positive solution of (3.1). Using
the homogeneity of F', let v(p) := u(Rp) satisfies

F(Rz,Vv, D*v) + Rh(Rz) - Vo|Vv|* + R*"(V(Rz))v*™ <0, in B;(0).

Hence we are in the conditions of the previous case with h replaced by Rh(Rx)
and V (x) replaced by R*"V (Rz). We have obtained that v satisfies, for any
P e B% (O):

v(0) < Kv(P) ie. u(0) < Ku(Q) for Q € Bg(O).
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Observe that K depends on 7 (see (5.2)), but when R < R, it can be chosen
independently on R.

Proof of Claim 4. This is standard potential theory procedure. Let K be a
compact connected subset of 2. And let R = inf{r,d(P,0) <r, for any P €
K}. Suppose that P and @) are any two points of K. Then there exists a
continuous curve I' C K joining P and ). We can find a finite number of
points P = P, P, ..., P, = @ such that

R

Hence applying the previous results, observing that
A(§) < N(Br(P))
we get
u(P) < Kou(Py) < Kju(Py) < Kyu(Q).
This ends the proof of Theorem 3.1.

Before giving the proof of Theorem 3.2, for convenience of the reader we
state an elementary Lemma (without proof) which will be used later in the
proof.

Lemma 5.4 Let B, € IRT and B, € RY, and q = 3—ﬁ For any z, let

1
~ ~ ~ 2+ap ‘f| 2 1+a
_ _ aq _
p=|r—x,| and wy = C1p?. Then for p < E and C; = <Boa;§+°‘ , Wy

s a solution of

B,|Vw|* M~ (D*w) — Bi|Vw|" ™ > | f|so.

Proof of Theorem 3.2
The case V(z) = 0. The proof proceeds with the same steps as in the
case f =0, the difference being that instead of comparing u with the functions
v; defined in Lemma 5.1 we will need to compare it for some constant C' with
Cv; + w where w is a subsolution of (3.3), and since the operator is fully
nonlinear and not sublinear, we need to prove that C'v; + w is a subsolution.
Recall that ¢ = 3—1?

17



First step: Let

24«
aq 2| flo
— d C)=
72|h| )7 an 1 (aq2+a

)+a

po = inf(1

Using Lemma 5.4 the function wy = C}p? satisfies, for p < p,,

F[—wl] + h - V(—w1)|Vw1|O‘ S —|f|o07

0 : :
Of course # — w is also a supersolution.

Let G; = {x € B(0,p,),u(z) > @ — C1p?}. Gy is an open set which
contains 0. Let G be the connected component of G; which contains 0. By the
comparison principle the boundary of G contains at least one point of B(0, p,).
One can assume that this point is (0, p,).

We now proceed to the second step. We introduce the half-ellipsis,

_ M)?

4

5p0
(1 + %)2 +4($2

903 P

E1 = {(xhx?)? O-% = < 1; x1 > _po}

(21 — 5go>2 (25 — go\/§)2
E2 = Ty, T2), 0-2 = z +4 4 S 17 Iy S Po
{( ) 2 9pg pg }
(1+ %) i
41?2 <x2 — poll + 75 ) V3p
E3 = {(a:‘l,xg), 0'2 = —1 + S 1,1’2 S O}.
T2 pR(2 + L3)2 4

Let p? = 22+ (29+3p,)% and w = C1p%. Let I' be a regular curve which links
0 to (0, p,) and is included in GG, then since p > p, one always has u > %0)—01,6‘1
on I'. As in the case f = 0, E; and E, indicate respectively the left and right
part of £ N Ey with respect to I,

For ¢ = 1,2, 3, we want to prove that

Claim A: [t is possible to choose v; as in Lemma 5.1 and Cy and p, such
that

0
wvi +w < u+2*p1C, on O(E; N Ey) and on O(E, N E)

2
Fl—2v; +w] + h(z) - V(@vi + w)|V(@w +w)|* = [foo;

18



i E1 N Ey fort=1,2 and for some x1 < 1

Xﬂ;(o)vs +w < u+ 27710, on OB,
and
F[X1 2( )’Ug + w] + h(zx) - V(%lezz, + w)|V((T)X1“3 W) 2 [l
m Eg.

If this is done the conclusion follows from the comparison principle as in the
case f = 0. Indeed Claim A with y; = inf{xeaE& x2=§,i:1,2}(vi) < 1 gives that

there exist some constant K and K’ such that
1
u > Ku(0) — K'|f|aa®.

The proof of Claim A is different in the case & < 0 and a > 0. We start by
the case o < 0. Recall that

6_'71'0'7;2 — e—%

V; = g
e 41 — e
where e.g.
4(A 4|h|oo M19
Y1 = sup (M(l + 36), H—l)
a mia
for 1
m;=3°% and M;= 21+°‘(§ + 4)1+Ta.

For the following we shall replace the constant ~; by v = sup~; which is
also convenient to our goal.
We need to observe that 4
Po

. Note that v, = —¢*— > ¢ > e i'v,. With all these
e 4 —e 7 e 4 —e
choices of constants, the computation in Lemma 5.1 gives for i = 1,2, 3

where v =

22a7172+a a1~)1+a
2+
95+

Vu;|* (M~ (D?*v;) — h(z) - V) >

19



—3~

22a71,}/2+aa(6TUO)1+a

Z 9p2+a
(&)
Tt
We now consider two cases :
. u(0) ey L .
Either —21+apa+2 > | floo and then it is enough to take w = 0 and Claim A
[0

is satisfied,

or
u(0)1+ac2
Jiraparz = Moo

w\»—‘

Recall that p = (22 + (22 + 3p,)?)2.
We choose C; = sup (6T(18) : (f;:i) ) | floe ST

(ay) T+

w = Clﬁq.

With this choice of Cy we shall prove that | OV, < [Vl .
shall do the computation only for vy. Observe first that

@Vvl\ < 2u(0)yv
2 - Po
u(0)v,y
< A Po )

VAN

1
3
i (21 leopod
ary

< Ciq(20,)7 1 < qCip* .

For simplicity we

From this, similar calculations and Lemma 5.4, we derive that, for i = 1,2, 3,

0 2
(17 (“520 ) 1+ 1V (M (D%0) — [ Tl) > (0o ) -y

v

v

Moreover from the choice of v;, one has

M (D?*v;) — |h|w|Vvi| >0,

20

2
Qacll—i—aqa%
| floo-
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and, using the simple inequality | X + Y'|* > (|X| 4 |Y|)® this ends the proof
of Claim A in the case a < 0.

We now consider the case o > 0. In order to prove Claim A, we need to
evaluate Vv; - Vw; this is done in Lemma 5.5 below. Applying it, there exists
some 1 > ¢ > 0 such that for i = 1,2 one has in E; N E»,

v (ﬁv) LV > |V (@v) 24 [Vl +2(—1 + 8%)|V (@v) |Vl

> 0|V <@vi) ? + 6% Vwl|?

v

and in B3 denoting as x the constant x1 = infpeyp, ,,— 34y min(vi(P), v2(P))

0 0
A% (?XW:%) + V| > §*|V (%Ug) 2 + 6% Vwl|?.

Using Lemma 5.1 we can choose ; in order that v; satisfies
52T (Vs M o (D%0;) — 2% oo | Vs > 0
in F;, this gives, e.g. for i =1,

la—2|
4(A 2 tat2g|p oM
Y1 = sup (%(1+36), : A 1)

0%maa

for some obvious definitions of m, and M;.

91272 o350 24a 2|a§2‘+2|f| lta
_ ag _
We now choose p, = inf( e 1), C) = prEy , by

Lemma 5.4, one gets
2= 272‘5“|Vw|aM_(D2w) — 2| oo | VW[ > aq2+a27‘a272|
This implies that for i = 1,2, in F;

1

MO 2 | flw-

y@vuﬁv M ( <O)D2 vi + D*w) — | (20)Vvi+Vw\°‘“|h|Oo
> 2"225a(|@wi|0‘+\w1) M- (B2 () v + D*w)
—2“1@(%4&“ + V] )
P (O>V 1M ( (Q)D o)

w(0 e
—|h|m2a|%w|l+a 275 Tl M (D) — [h 2Vl 2 | fl
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and also

u(0 u(0 u(0
|%X1Vv3 + leo‘/\/l_(%xlDzvg + D*w) — |%X1V2}3 + Vw|* Ao
—la—2] u(0 _u(0
> 272 : 5“(|%X1V03|0‘M (%XlDQU:{)
o U(O) 14+ —le=2| o, o — 2 fe 1+«
— 7|2 |TX1V1)3| + 277 Y Vw|* M~ (D*w) — |h|e2%|Vw|
> [ floo-

In order to complete the proof of Claim A we check the boundary conditions.
Let p, = 4p, in order that in p < p,, p < po. If x € E; N E; which is made
of some part of JF; and some part of I', one gets that u + 2C;p? > w on the
boundary of OFE; since u is positive. On I' it is true since u > @ — Cypl.

Lemma 5.5 There exists 6 € [0, 1] such that in Ey N Ey fori=1 and i =2
(Vv;, Vw) > (=1 + §2)| V||Vl

and in Es
(Vusg, Vw) > (=1 + §)|Vus| |V

Proof For homogeneity reasons, we can assume that p, = 1. Then Vv; =

~;B;xv, with Byx :jg —( 1;2,4(@ — ‘/Tg)), Byr == —( 19 2 4(xy — ‘/Tg)), and
Byr = —(4ay, x(;;g), while Vw = C;5972(Cz) with Cz = (21, 35 + 3).
2

It is an elementary but tedious calculation to see that for x € E; N E,
the vectors Byz, Box lie in the circular sector S defined by 6—@]$1| > xy9 >

%ﬁ|x1|, while C'z lies in a sector S, defined by @Mﬂ < z5. Hence if 4, is
the angle between the sectors then the first equality is satisfied with —1 + § =
cos #,. Similarly for the second case.
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S3

The circles of smaller radius indicate the sectors spanned by B;x and the
circle of larger radius indicates the sector spanned by Cz, as can be seen the
angle between B;z and C'z is never 7.

The case V <0, f #0.
We begin with the case a < 0.

1
. . 24+« 24+« at2
We now consider the case V' < 0. We choose p, = inf <Z|qh| , (ﬁ}"—8> >
oo oo

and Ch = (%)m and we choose the constant +; as in Lemma 5.1 with

V <0, in order that |[Vus|*M™(D?v;) — |h|so| VUi 7T — |V ]sovi T¢ > 0.
Let us note that since V' < 0, u is also a subsolution of

[Vul* (M~ (D*u) — h(z) - Vu) > f

and then the first step is still valid. We obtain that there exists some point on
the boundary of dB(0, p,) such that u > @ — C1p2. We can assume that this
point is (0, p,).

We now consider as previously two cases:

14+«
-FEither u(O) C2

pIEryey > | f|e and then for ¢ = 1,2, “(OT)”" is a subsolution of the

equation in £ N Ey and so is &2"”3 in E5 , while u+ 2C1p is a supersolution

of the same equation. Moreover in E; N Es, using the fact that the boundary is

made of arcs of T" or of parts of the boundary of E; one gets that u+2C1(4p,)? >

@ inf(vy,v2) in By N Fy. And now we do the final step as in the case where
u(

f =0, ie. we prove that u + 2C(4p,)? > TO) infm:?’xea%(vl, V) V3.
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u(0)1+a62

- Or 21+apa+2 — ’f|oo

ay aq2+a

1 1
In that case we define C = sup <€32 <i> Ha, (21—_a> e 21+a01+°‘> | f]oa &

and p as in the case V = 0 and we observe that |VUZ| ) < |Vw)|. Let us note
that, with the choice of C; above,

v;u(0)
2

<w

and
2°|Vw|* (M~ (D*w) — |hls|Vw]) = 2 V]! > | f|.

We now write for i =1, 2

(v 0% 4 guye (M‘(D2<—“(g)“"+w) (@) - (v 4 v >>
- |V|oo(—U((;)Ui+w)1+a
> (VG 9l (0P - ) (7))

+ (2|Vw|) (M™(D*(w) — h(z) - Vw) — 2T V] ow' "
> 0+ [fls

and for i = 3 and y; = inf inf(vy, vg)

{z2="3 2€DE3}

(!Vm! + |Vwl|)® (M ((D?(M +w)) ~ h(z) - (VM LV

2
0
Hr| <U( )XIU?) w>1+a

2
> (’VM! + | Vw|)® (M(DZ(%)) ~ h(z) - (VU(O)QXW:;))
+ (2|Vw|) ( (D2(w)) — h(q;) . Vw> _ 2a+1|V|OOw1+
Z [ fle-

The rest of the proof is analogous to the one done in the previous cases,
observing that, since V' < 0, u+2C1 (4p,)? is also a supersolution of the equation.
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We now treat the case a > 0. The notations B;, C, § are the same as in the
case V = 0.
Since V' < 0, u is also a subsolution of F[u]+ h(x)-Vu|Vu|* > f so the first

14+« —la=2] 4
. . . . hloo a9 32 @
step is the same, more precisely if we choose p, < inf < A ) 2 “

4V]oo oo
o) a1
a_? +3 Ite . .
and ¢ = % where 0 is as in the proof of V =0, a > 0 and
aq?ted ) )

[ #0, w; = —Cyp? is a supersolution of Flw;] + h(z) - Vw|Vwi|* < —|f]oo,
u(0)
2

some point on the boundary p = p, on which u > @ — C1p1.
For the second step we must prove that one can chose v; such that in E;

then so is + w;. We obtain always by the same reasoning that there exists

5275 M (D?0,)| Vil — 2°|h]oc| Vr " — 2V | ool e > 0.

This can be done by choosing ~; such that

1
4(A + a) bZZ 2¥+a+3‘h‘mMib? 2\a;2\+a+2‘v‘ooblg 2+a
Vi = sup 7(14‘—2), 7

ct 0m,a am;0%

(with obvious definitions of b;, ¢;, M;, m;, on the model of the proof of Lemma
5.1).

Let p be defined as in the previous proof, then w = C}p? is a solution of
2752 59 M~ (D?w) — 2°|h(2)]w| Vew[®T! — 29|V |t > |f|a, and then

w0y, + w is for i = 1,2 a sub-solution of

P i 10) ¥ (L2 0) V(A2 ) oV () (L ) > (o

2 2 2 2
in £; N Ey and
A vyl + h) T v ) 9 ey +w)f +
v (L) 21
in Fs.

We observe now that since V' < 0, u 4 2C)p? satisfies

Flu+ 20158 + h(x) - V(u+ 201 58) [V (u+ 20, 50)|* + V() (u + 201 58) +* < F.
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The rest of the proof is the same.

Proof of Corollary 3.3.  Suppose that u is a solution in 2 which contains
B(0, R,). Let v be defined as v(z) =: u(Rx) . Then v satisfies in B(0, £2),

F(Rx, Vv, D*v)(z) + Rh(Rz) - Vo|Vv|* + R*T*V (Rx)v't™ = R*"* f(Rx)

Applying Harnack’s inequality for v we get the desired result for u.
Let R, > 0 such that B(z,,4R,) C ' CC Q. We define for any R < R,

M; = max u, m;= min u
B(xo,iR) B(gco,iR)

for i =1 and ¢ = 4. Then u — m; is a solution of
Flu —m;] + h(2)V(u — m)|V(u—m)|* = =V (z)u' ™

in B(z,,tR) and hence u satisfies

sup (u(z) —my) < K inf (u(z) —my) + KRZ%MMVH?
B(zo,R) B(zo,R)

In the same way, using the operator G(z,p, M) = —F(x,p,—M), and the
function M; — u, we get

G(x, Vu, D*(M; —u)) + h(z) - [V(M; —w)|*V(M; —u) = V(z)u'™

in B(0,iR). We get with some constant K which can be taken equal to the
previous one
24«

1
sup (My —u(z)) < K inf (My —u(x)) + KR+ My|V|sde.
B(z0,R) B(xo,R)

Summing the inequalities we obtain for some constant K’ independent of R <

R,
K - ]_ 24a

sr g (Mo —ma) + KR

The rest of the proof is classical, just apply Lemma 8.23 in [19].
Proof of Corollary 3.4. Let ¢y = infrzu and let w = u — ¢y. Clearly w
satisfies in IR*:

M, —my <

Flw] =0, w >0, infw = 0.
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Suppose by contradiction that w > 0 somewhere, then applying the strong
maximum principle one gets that w > 0 in the whole of IR?.

By definition of the infimum, for any € > 0 there exists P € IR? such that
w(P) < e. Now for any @ € IR? consider the ball centered at P and of radius
4|P@Q)|, by Harnack’s inequality and more precisely using Claim 4 in the proof,
we get that

w(Q) < Khw(P) < Kae.

Observe that K5 doesn’t depend on the distance |PQ| because h = V = 0,
hence it doesn’t depend on the choice of ). Since this holds for any € we get
w = 0.
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